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| Contraposition

Prove the statement "if a+b < c+d,thena<corb <d".

Contrapositive: If a2c and b2d then ath 2 c+d.
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2 Numbers of Friends

Prove that if there are n > 2 people at a party, then at least 2 of them have the same number of friends at

the party. Assume that friendships are always reciprocated: that is, if Alice is friends with Bob, then Bob is
also friends with Alice.

(Hint: The Pigeonhole Principle states that if n items are placed in m containers, where n > m, at least one
container must contain more than one item. You may use this without proof.)

Suppose all n people hae o different number of frieads,

The possible aumber of friends a person hos is in £0,1,2,.. n-1},
Since thece are n  possible “buckets’, every bucket aeeds

to have | peson in it, Howeven this would mean there

is | person with O friends and | person with a-| friends
This s o contradiction, because b\uv;ng A=l Friends would
Me on L,g;,\y Friends with everyose else, ;AC,hdinj the persm
with 0 Friends. Thus one of 0 or a-| maust be enpty, S0
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thece most be at least twe people who shase the same Aumber
of Friends



3 Pebbles

Suppose you have a rectangular array of pebbles, where each pebble is either red or blue. Suppose that
for every way of choosing one pebble from each column, there exists a red pebble among the chosen ones.
Prove that there must exist an all-red column.

COAfpalnos;que'- If there is no all-red column, then if is possible
%o pidi o blue ‘Oebble F/om each column.

Proof : Suﬂooae there is no all ~red column. That means +there

eyists a blue pe%[e in each Column. From ench Ca[qml\l
wQ Can pick a blue pehble, T‘\us, we hae celected a

pebble from every column such that none ace red.
4 Preserving Set Operations

For a function f, define the image of a set X to be the set f(X) = {y | y = f(x) for some x € X }. Define the
inverse image or preimage of a set Y to be the set f~!(Y) = {x | f(x) € Y}. Prove the following statements,
in which A and B are sets.

Recall: For sets X andY, X =Y ifand only if X CY andY C X. To prove that X CY, it is sufficient to
show that (Vx) (x € X) = (x€Y)).

@ fHAUB)=f"1(A)Uf ! (B).
(b) f(AUB) = f(A)Uf(B).
Claim [ £7(AUB) € £7(AY U £7'(B)
Proof: Suppose x € £7(AUB).

Then £(x) € AUB, so fl)eA o £l)eB. |

This means k€ £I(N) or x€£7(B), which means xef UL,
Claim 2: €7'(A) U €7(8) ¢ £7'(AUB)
Proof : xef£TAVFT() = « e£ () or x€£(8)

= flx) €A or Fl)ED

= £(xy e AUB
= x € £(AUB)

Since €(AUB) c €M UF(R)  and (A UELR ¢ F(AUD),
this means £ (A UBY = £ (A UF(8). o
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b) Cloin 1+ (AU BY € FIA)V£(8)
Proot yeF(AUBS = y=\“(’<) for some xEAUB
= y=fl where x€A or
y=F(xS where «€B
= yGfl,A} or ),GF(B)
= yeF{A}U(M
Claim 2: €(A) UFB) & £(AUBY
Proof: y € F(AYUF(B) = y €€ or yeFDS
3 y=+‘(15 for some x€A or
y=F(xj for some ¥€B
= y=\c(x§ for some xEAUB
= ye{(AUR)

Claim | qr\t! Cloim 2 '(‘age{'l\v fmp[y -F[AUB)=-F[A)UF(B).



