P(\QQ{~ BL Tnduction
To prove a proposition Pla) e all n€N by in duction,

your pi‘vo-ﬁ needs 3 parts,

[, Boase Case: Prowe P(0).

2. Iaduction Hypothesis: Assume PLK) for some k20.
3. I/\J.ucﬁve S*ep-‘ Prove F(,kS%P[kH},
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I Natural Induction on Inequa]ity

Prove that if n € N and x > 0, then (1 +x)" > 1+ nx.

Base Cate: (14x)° = | [ >
(+0x = |

Taduction Hypothesis: (H-:e)'L 2|+kx  for some keN
Inductive Step: (142} = (1) (1+2)"
2 (H-x}(“'kx)
2 Make It Stronger > [+ ketxt ket
> |+ (k+l)x

Suppose that the sequence aj,ay, ... is defined by a; = 1 and a,,4| = 3aﬁ for n > 1. We want to prove that
a, < 3(2")

for every positive integer 7.

(a) Suppose that we want to prove this statement using induction. Can we let our inductive hypothesis be
simply a, < 3(2")? Attempt an induction proof with this hypothesis to show why this does not work.

Iﬂd“\('ﬂve gfg',: a. £ 3(1"\ =) 0, < 3‘.7.."')
K
an( 2 3“: < 3(31"31 < 3(_31 )

< Sakﬂ)'

using induction.

We cannot prove ay,

(b) Try to instead prove the statement a, < 3(2"~1)

Base Cose: @, = [ £ 31"' = 3

Indwction Hypothesis: a, ¢ 30 for some kEN .
kel 4 _

Toductive Step: a,., = 3ar ¢ 3(30 0 = 33" %) = 377

(c) Why does the hypothesis in part (b) imply the overall claim?
n" .
a, € 3(2 I§ O S‘(‘/onger sfatement,
. . 1’\“ 1"-‘ PS l'zﬁj
since it a €38 o0 2PV 30 gen w23
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[)y transitive iroperty.



J Binary Numbers

Prove that every positive integer n can be written in binary. In other words, prove that we can write
n:ck-Zk—l—ck,l k-l +---4c 2! —1—60-20,
where k € Nand ¢; € {0, 1} forall i <k.
0
Base Cose:  Whea =0, we have n= 0-2.
Ladaction Hypothesis: Assume gvery [¢m€n  can be written ia binary.
Taductive Step: Prove ntl can be wiritten in binary.

Tf atl is even, then multiply hoth sides of ML, 5t Lt 2

tr get at(= - 2%+ "'+C0.1' +0-2°,

If ael s odd, thea le¢ n= c,;?f +.. .+ c2’. Siace nis vey,
thea ¢ muwst be 0, otherwise RHS is odd. Thus, we can [g}
nel s c‘i")..g LA T R O [ I

4 Fibonacci for Home

Recall, the Fibonacci numbers, defined recursively as
Fi=1,FK=1,andF,=F, »+F,_|.

Prove that every third Fibonacci number is even. For example, F3 = 2 is even and Fg = 8 is even.
Buse Case: F; = 2 s even,
Laduction Hy'oofkcsis : F;k = 2 '8 'Fo/\ Some 1'5 Z .
Taductive Sfe/ :

F?lu—:s = F3l=+| " F.;lu-z
Facar + (Fsk F Fsum>

= ZFZkH t FSK
2 Fyey *+ 2q
Z(Ekq*‘q)
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