A/\nOuacemenfs
- Hw | and  Vitamia | dwe tomorrow at 4PM
Il be in Lotimer (02

"IA—le‘SaA discussion wi

stable matchiag instance = a set of n jobs and n candidates where

gach job and Candidate has a /I‘eﬁcrence list

Ekample= \TO‘;S[ Candidates ﬁﬂl;ﬁldfﬂl Jobs -
Il [ AsB>C A 223> |
2 | B>C>A B 3> >
S| c>As3 C I >2>3

mm‘d\i,\j = a Set of (7, ¢) pairs where every J'oln is matched
exactly one candidate and every candidate s motched

to Qx'acf(y oap \ibb
Example of a hafc/\l"\g: {(lz 8), (2,4), (3 C)}

rogue couple = a (T, C) poir where T ,sre-Fers C over its curcently
matched cam:.idafe and C p/‘efers' J' over her Luf‘renﬂr

matched \, oL

Exump[gi I/\ 'tLe mqfchi,\j aﬂovel ('2., CJ would be a I‘ogue Cou,)lc
because 2 prefers C >k and C prefes 2>3.

Stable Mufchins * a mafcl\;,.j with no rogue couples
Example: In the stable matching instance ablove, the stable matchings qre
Mo 1004, (B, (30)}
M, = (1, 8, (2,0, (3A)}
My = £01, 0, (2, A, (38)3

J',,L-opﬁmql = every Job is matched with their best possible candidate

17 any Sju“e Mafchil\g
Ecample: M, is ‘joL-opﬁmaL while M, is caadidate-optimal.

Job -pessimal = every job i matched with their worst possihle candidate

in any stable Mafc"\in3
Example: M, is candidate-pessimal, while My is job - pessimal



t/‘iogose*and-kﬁccf / Stable Matching Al‘yor;ﬂlm

Every Mo aing’ Each job proposes fo its most-preferred candidate whoe hos nof

yet rejecfeol this job
Eer/ a'Ffernoon: Each cqnal,'o(qfe puts her most ()re'FcrreJ offer o0a a
Striag and rejecfs all other \johs

Euery r\?g‘\'(’: E ach rejected Job crosses the candidate off irs list.

RQPQQ'(' until ﬂ.el‘e are No l‘e\jecﬁo:\s.

Whena Jobs propese, the stmble matching 1§ J'ob-opﬁmql.

Job - optimal & candidate 'flessima'

Joh-pessimul = candidute ~0ptimal

IF thece s 0/\’7 one S'f'ab’( Mﬂ'f'Ch;l\g, the jo‘:'of‘ﬁw‘al mafc‘u'n" ond

the Cundidq‘fe ‘o,oﬁmql Mq-(-ck;/\s are the Same,
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1 Stable Matching

Consider the set of jobs J = {1, 2, 3} and the set of candidates C = {A, B, C} with the following preferences.

Jobs Candidates Candidates Jobs

1 A >B > C A 2 >1 >3
2 B > A > C B 1 >3 >2
3 A >B > C C 1 >2 >3

Run the traditional propose-and-reject algorithm on this example. How many days does it take and what is
the resulting pairing? (Show your work.)

‘ bay | bay 2 | bay 3| Day ¢ | Day 5
Al (T3 l , 2| @ 2
Bl A LR 3 (3 '

c 3

Fl'/\al Ma'('ol\f,\ N (,J B)J (2, A) (,3,C
2 PrOpose-and-Reject Proofs v { ’ )}

Prove the following statements about the traditional propose-and-reject algorithm.

(a) In any execution of the algorithm, if a candidate receives a proposal on day i, then she receives some
proposal on every day thereafter until termination.

For any Aqy k?i, f a candidate gets a f""f"s“l Cn
day K, then she will accept one and then that Job will
propose agal'l\ on olo\7 k+|. By MO‘UC‘HOI\, S"\Q will recejve
Q proPoSql 0n Query dﬂ, after i

(b) In any execution of the algorithm, if a candidate receives no proposal on day i, then she receives no
proposal on any previous day j, 1 < j <.
If a candidate receives a proposal on qu Ji Then s he
will olse recewe o ﬁNfOSQ‘ on o!qyi k}, fart (o).
qus p/‘ove/\ by co/\-traposi'fia/\.
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(c) In any execution of the algorithm, there is at least one candidate who only receives a single proposal.
(Hint: use the parts above!)

L-Q'(’ k ‘le ft\e (°u‘+ o'ay. Thece must be at leasf one

candidate who did not receive a propesal on day k-,

otherwise the algorithm would have ended earlien,

By pact (b), this candidate who did ot recewe o fr ofosal

on ola), k=| also did not receive any proposals earlier, so they
3 BeaJudge 01\‘7 received a 5(/\3'? /JrofoSQI on day k,

By stable matching instance, we mean a set of jobs and candidates and their preference lists. For each of the
following statements, indicate whether the statement is True or False and justify your answer with a short
2-3 line explanation:

(a) There is a stable matching instance for n jobs and n candidates for n > 1, such that in a stable matching
algorithm with jobs proposing, every job ends up with its least preferred candidate.

Fqlse, T‘\;.S WDuH /‘Q_q'w're every J'o[) be;,\q rqjecfed n—=| times

aad RUery candidate rejecting n=l J'OAS, but this s

impossible by question 7,

(b) In a stable matching instance, if job J and candidate C each put each other at the top of their respective
preference lists, then J must be paired with C in every stable pairing.

Truee If T is not poired with C, thea (T, ¢) would
bQ a /‘o]ue Ceuﬂ{QJ RYe) the Mﬂlf(jling s not S'('uble.

(c) In a stable matching instance with at least two jobs and two candidates, if job J and candidate C each
put each other at the bottom of their respective preference lists, then J cannot be paired with C in any
stable pairing.

False,

([>2

A>B A
A>SB I >2

B

|
P2
{(L Ajj ('l, 33} is a S‘(’aéle ma‘fd\ir\g where
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potfom of each other’s preferences.



(d) For every n > 1, there is a stable matching instance for n jobs and n candidates which has an unstable
pairing where every unmatched job-candidate pair is a rogue couple or pairing.

Truwe. If we wmotch Qvery J'ob with 1S ,C"Sf',“?{errea(

Cal\d?ofufe Mr! (,ueny anolio'm"e with hep leqr('-/'/e-ﬁerreal

\ioAJ '["\e/\ Cue/}: unmafched pa;n S O f‘ﬂywo CMA/’IC.
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