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| Optimal Candidates

In the notes, we proved that the propose-and-reject algorithm always outputs the job-optimal pairing. How-
ever, we never explicitly showed why it is guaranteed that putting every job with its optimal candidate
results in a pairing at all. Prove by contradiction that no two jobs can have the same optimal candidate.
(Note: your proof should not rely on the fact that the propose-and-reject algorithm outputs the job-optimal
pairing.)

Suppose jebs J, and J; have the Same optimal candidate C
where (3, C) €M, and (R,0) €M,. WLOG assume C prefess

J o J,. Thea (7,€) is rogue couple in M, because
J: must Pf?ﬂ’f‘ C t whoever J: is puireo‘ with in M.,.

2 Fulerian Tour and Eulerian Walk

(a) Is there an Eulerian tour in the graph above? If no, give justification. If yes, provide an example.

“Oj vert: Ces 3 q/u:' 7 hqve Ddd d?\?fﬂe.

(b) Is there an Eulerian walk in the graph above? An Eulerian walk is a walk that uses each edge exactly
once. If no, give justification. If yes, provide an example.

YQS.
% %5 LYL6s 41 7667

CS 70, Spring 2022, DIS 2A

—_



(c) What is the condition that there is an Eulerian walk in an undirected graph? Briefly justify your answer.

There are 0 or 2 wverfices of odd degree, and

the 5""P“ is connected (excepf isolated Verﬁctsl

[See official solutions or proof.|

3 Not everything is normal: Odd—Degree Vertices

Claim: Let G = (V,E) be an undirected graph. The number of vertices of G that have odd degree is even.

Prove the claim above using:

(i) Direct proof (e.g., counting the number of edges in G). Hint: in lecture, we proved that } ,cy degv =

2|E|. 2 des v °© 2[E’ Uo

vev

[y)

odd degree verfices

- Ve = even degree verfices
Z degut O deg v = 2[E] v
\IGVO ve%
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Thus |V, must be evea,



(ii) Induction on m = |E| (number of edges)

Base Case: m =0. No edges, so all vertices have odlegree O.

I/\olqc('fot\ HyLdH\eSii' EUQ/‘Y j“‘f"\ with m edge.s ’\us an even '\MM‘)QI\

of odd~-degree vertices

Laductive Sten: Let 6 be o graph with mt| edges,

Remove one eolge (u,v) to crente G
By inductve hypothesis, [V, (6') is even.
Now add edge (u, v_) back ia.

(6)-2  if wvel(6)
Val)] =< Mled] i welale, v FUlE)

lVo(G'“ 'l‘F u¢V.(,G’J, vevol_é‘j

I(eN+2 if « v €(6)

Ja all cases, IV.(G.\I is evea.

(iii) Induction on n = |V| (number of vertices)

Skigped, see official  solutions
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4 Coloring Trees

Prove that all trees with at least 2 vertices are bipartite: the vertices can be partitioned into two groups so
that every edge goes between the two groups.

[Hint: Use induction on the number of vertices.]

Let /\""Vl_
Base Case: n = 2 4 v L={u}, R=1}

Tnduction H'ypot{\e.sisi Euery tree with k vertices is bipartite.

Tnductive Step: (ot T be o tree with ktl vertices.

Romove o [eaf node u and its (ncident 2—490. (« v).

By IH, the resulting tree is bipartite,
NOW old o I\Oble u dek In. IYC vE€ L-J 'H\Cn Puf
a in R Lf e R, thea put o In L.

Thes T is als» 5ipar+ife.
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