CS 70 Discrete Mathematics and Probability Theory
Spring 2022 Koushik Sen and Satish Rao DIS 3B

| Extended Euclid

In this problem we will consider the extended Euclid’s algorithm. The bolded numbers below keep track of
which numbers appeared as inputs to the gcd call. Remember that we are interested in writing the GCD as
a linear combination of the original inputs, so we don’t want to accidentally simplify the expressions and
eliminate the inputs.

(a) Note that x mod y, by definition, is always x minus a multiple of y. So, in the execution of Euclid’s
algorithm, each newly introduced value can always be expressed as a "combination" of the previous

two, like so:
ged(54,17) = ged(17,3) 3=1x54-3x17
= gcd(3,2) 2=1x17-_5 %3
=ged(2,1) 1=1x3-_1 x2
= ged(1,0) 0=1x2—-_2 x1]

(Fill in the blanks)
(b) Recall that our goal is to fill out the blanks in

1= x 54 + x 17.

To do so, we work back up from the bottom, and express the gcd above as a combination of the two
arguments on each of the previous lines:

1=_1 %34+ x2

— 1x3 -t x(1x17 - 5x3)
== x17+_6 x3

_ o[ x17+ 6x(1x5%=-3x17)
:Lx54+'7”><17

(c) In the same way as just illustrated in the previous two parts, calculate the gcd of 17 and 39, and deter-
mine how to express this as a "combination” of 17 and 39.

ged (39, 17) = 4cd (17, 5) 5= 1430 - 2x(7 1= | x5 -2x2
:ac,l(sf, 2) L= |17 - 3x5 x5 - 2% (| (7~ 3x5)
::3“{(2 [ [ = x5 ~-2%2 T -2x17+7x§
J s = ~2x() + 7% (|%39-1407)
s 0 = |x2 - 2x|
yCd(.'JDJ = 7k3q —|6k|7
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(d) What does this imply, in this case, about the multiplicative inverse of 17, in arithmetic mod 39?

177 2 -16  (med 395
T 23 (mod 34}

2 Chinese Remainder Theorem Practice

In this question, you will solve for a natural number x such that,

2 (mod 3)
3 (mod 5)
4 (mod 7)

X
X
X

(a) Suppose you find 3 natural numbers a, b, ¢ that satisfy the following properties:

a=2 (mod3);a=0 (mod5);a=0 (mod?7),
b=0 (mod3);b=3 (mod5);b=0 (mod7),
c=0 (mod3);¢c=0 (mod5);c=4 (mod?7)

Show how you can use the knowledge of a, b and ¢ to compute an x that satisfies (1).

x = athtc

(1)

@3]
3)
“)

In the following parts, you will compute natural numbers a, b and c that satisfy the above 3 conditions

and use them to find an x that indeed satisfies (1).

(b) Find a natural number « that satisfies (2). In particular, an a such that a =2 (mod 3) and is a multiple

of 5 and 7. It may help to approach the following problem first:

(b.i) Find a*, the multiplicative inverse of 5 x 7 modulo 3. What do you see when you compute (5 x

7) x a* modulo 3, 5 and 7? What can you then say about (5 x 7) x (2 x a*)?

(5D xa* 2 [ [mod 2) 3Sa* 5[ (mod 7)
(S‘x?)nzka* ) (mod 3 2a% = | (mod 3)
a* 2

a® 35a"*1 = 140
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(c) Find a natural number b that satisfies (3). In other words: 5 =3 (mod 5) and is a multiple of 3 and 7.
h = A b 3 (moo! S )
b* = 3 (mod §)

b=2-3 = 63

(d) Find a natural number c that satisfies (4). That is, ¢ is a multiple of 3 and 5 and =4 (mod 7).
L S
cC - ISC < Ll' (MOJ 75
¥ - 4
c = (wod 2
C = ‘5 ° q = ‘\D

(e) Putting together your answers for Part (a), (b), (c) and (d), report an x that indeed satisfies (1).
x* atb*c

140 + 63 + £0

163

1]

ff

x= 53 (Mod 105)
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J Ba]ay Fermat

Assume that a does have a multiplicative inverse mod m. Let us prove that its multiplicative inverse can be
written as a* (mod m) for some k > 0.

(a) Consider the infinite sequence a,a?,a>,... (mod m). Prove that this sequence has repetitions.
(Hint: Consider the Pigeonhole Principle.)

Siace {0,[1..,, M-l} 'S 1‘,',‘;1e, the Sequence

] 3
a a, o, ... Must I‘e'aeq{- at  Some point,

(b) Assuming that @’ = a’/ (mod m), where i > j, what is the value of @'~/ (mod m)?

a oo (red m

J. 'z J., )

q /] ~ 0 a (Moo' r\)
Y E | (+mod m)

(c) Prove that the multiplicative inverse can be written as a* (mod m). What is k in terms of i and j?

(a:-‘i‘()q 2| [mod m)

k= i-j~l
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