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1 Berlekamp—Welch Warm Up

Let P(i), a polynomial applied to the input i, be the original encoded polynomial before sent, and let r; be
the received info for the input i which may or may not be corrupted.

(a) If you want to send a length-n message, what should the degree of P(x) be? Why?

n-|

(b) When does r; = P(i)? When does r; not equal P(i)?
r = P(:) when there s no corruption at i
r; € Pli)  when there is a cornuption at i

(c) If there are at most k erasure errors, how many packets should you send? If there are at most k general
errors, how many packets should you send? (We will see the reason for this later.) Now we will only
consider general errors.

k erasuce errors: ntk pac kets

Kk general errors: atdk packets

(d) What do the roots of the error polynomial E(x) represent? Does the receiver know the roots of E(x)?
If there are at most k errors, what is the maximum degree of E(x)? Using the information about the
degree of P(x) and E(x), what is the degree of Q(x) = P(x)E(x)?

The roots of Elx) =(x-e)--(x-e) represent the locations o the errors
The receiver does not know the roots of Elx).
de_y(P) = a-l de,l,E) =k Aeg (QY = ntk-I

(e) Why is the equation Q(i) = P(i)E(i) = r;E(i) always true? (Consider what happens when P(i) = r;,
and what happens when P(i) does not equal ;.)

IF ﬂ\e/\q I'S N0 Qrror ot ;J H\Q/\ P(;S" r; 59 P(_;) E(i) :p;Ele,
If “"\efe is an €fror at | thea E(i)=0 S0 F(v) E(-) =I‘,Eli).

(f) In the polynomials Q(x) and E(x), how many total unknown coefficients are there? (These are the
variables you must solve for. Think about the degree of the polynomials.) When you receive packets,
how many equations do you have? Do you have enough equations to solve for all of the unknowns?
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(Think about the answer to the earlier question - does it make sense now why we send as many packets

as we do?) ate-l
Q(K) ® anok-l X + e + ax ¢ Q ﬂ"L ‘M\LI\QNQS

E(ks = xk + bk_, Xk-' t .. tbxt A, k  unknowns

We have A+Lk equations, so there are enough equafions fo

solve For all wunknowns,

(g2) If you have Q(x) and E(x), how does one recover P(x)? If you know P(x), how can you recover the
original message?

Ch-m

Origb\q( messuge s P(l),..-, P(a).

) Berlekamp—Welch Algorithm

In this question we will send the message (mg,m;,my) = (1,1,4) of length n = 3. We will use an error-
correcting code for k = 1 general error, doing arithmetic over GF(5).

(a) Construct a polynomial P(x) (mod 5) of degree at most 2, so that

P(0) =1, P(1) =1, P(2) =4.
What is the message (co,c1,¢2,¢3,c4) that is sent?
| B, (%) = 3(x-) (x-2) = 3x24+1 Plx) = B0 +R(x) + ¥R (x)
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(b) Suppose the message is corrupted by changing cg to 0. Set up the system of linear equations in the
Berlekamp-Welch algorithm to find Q(x) and E (x).

Q(x\ a,x’ + atg‘ taxta, Q(.S P E(,) for 0¢;i¢Y%
E(x& x* L,

"

"

QG) = ayi’ +ai *o,ita, = r(ivh,)

Qo) = 9 =0
QY = o, v a,t ot a, T | +b,
QY “B8a thay* lat a = g+,
Q(s) s 27&, + QQ\"' 30t G, = 0
Q%) = 6%a, + 160, + Fa,+ 4 6 + Y6,

(c) Assume that after solving the equations in part (b) we get Q(x) = 4x> +x? 4 x and E(x) = x. Show how
to recover the original message from Q and E.

P(x) = Qldd _ ®PHat+a

EG) X s Q’kz"'X"‘

(Plos, Pus, P3Y = (1,1, )
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J Berlekamp—Welch Algorithm with Fewer Errors

In class we derived how the Berlekamp-Welch algorithm can be used to correct k general errors, given
n+ 2k points transmitted. In real life, it is usually difficult to determine the number of errors that will occur.
What if we have less than & errors? This is a follow up to the exercise posed in the notes.

Suppose Alice wants to send 1 message to Bob and wants to guard against 1 general error. She decides to

encode the message with P(x) =4 (on GF(7)) such that P(0) = 4 is the message she want to send. She then
sends P(0),P(1),P(2) = (4,4,4) to Bob.

(a) Suppose Bob receives the message (4,5,4). Without performing Gaussian elimination explicitly, find

E(x) and Q(x).
E ()
Q (x)

[

x -
q’(x'l) = ey +3

(b) Now, suppose there were no general errors and Bob receives the original message (4,4,4). Show that
the Q(x), E(x) that you found in part (a) still satisfies Q(i) = r;E (i) forall i =0, 1,2.

Ype3 = r,(x—ls

I
~N - QO
% €
+ o«
v W
[1] 1]
£ O w

(c) Verify that E(x) = x, Q(x) = 4x is another possible set of polynomials that satisfies Q(i) = r;E(i) for all
i=0,1,2.

(Skipped.)

(d) Suppose you’re actually trying to decode the received message (4,4,4). Based on what you showed in
the previous two parts, what will happen during row reduction when you try to solve for the unknowns?

There will be mulﬁ,le solufions,
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(e) Prove that in general, no matter what the solution of Q(x) and E(x) are though, the recovered P(x) will
always be the same.

gu,)fose Q(x), EGS and @Q(sS, EGS  were both  Solutions.

QGY = AELY
QU Bly ool leisnnk

"

QGYEG = RG)EGY = nELYE'G)

QGSE'Y = QUVEW Rr ol 1gicas2k

by | @
Thes EW B -
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